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HOM-ALTERNATIVE ALGEBRAS AND HOM-JORDAN ALGEBRAS
ABDENACER MAKHLOUF
Dedicated to Amine Kaidi on his 60th birthday
ABSTRACT. The purpose of this paper is to introduce Hom-alternative algebras and Hom-Jordan algebras.
We discuss some of their properties and provide construction procedures using ordinary alternative algebras
or Jordan algebras. Also, we show that a polarization of Hom-associative algebra leads to Hom-Jordan
algebra.
INTRODUCTION
Hom-algebraic structures are algebras where the identities defining the structure are twisted by a ho-
momorphism. They have been intensively investigated in the literature recently. The Hom-Lie algebras
were introduced and discussed in [12, 15, 16, 17], motivated by quasi-deformations of Lie algebras
of vector fields, in particular q-deformations of Witt and Virasoro algebras. Hom-associative algebras
were introduced in [18], where it is shown that the commutator bracket of a Hom-associative algebra
gives rise to a Hom-Lie algebra and where a classification of Hom-Lie admissible algebras is estab-
lished. Given a Hom-Lie algebra, there is a universal enveloping Hom-associative algebra (see [29]).
Dualizing Hom-associative algebras, one can define Hom-coassociative coalgebras, Hom-bialgebras and
Hom-Hopf algebras which were introduced in ( [21, 19]), see also [5, 32, 33, 34, 35, 36]. It is shown
in [31] that the universal enveloping Hom-associative algebra carries a structure of Hom-bialgebra. See
also [2, 3, 8, 9, 10, 20, 30] for other works on twisted algebraic structures.
The purpose of this paper is to introduce Hom-alternative algebras and Hom-Jordan algebras which
are twisted version of the ordinary alternative algebras and Jordan algebras. We discuss some of their
properties and provide construction procedures using ordinary alternative algebras or Jordan algebras.
Also, we show that a polarization of Hom-associative algebra leads to Hom-Jordan algebra.
In the first Section of this paper we introduce Hom-alternative algebras and study their properties. In
particular, we define a twisted version of the associator and show that it is an alternating function of its
arguments. The second Section is devoted to construction of Hom-alternative algebras. We show that
an ordinary alternative algebra and one of its algebra endomorphisms lead to a Hom-alternative algebra
where the twisting map is actually the algebra endomorphism. This process was introduced in [30] for
Lie and associative algebras and more generally to G-associative algebras (see [18] for this class of
algebras) and generalized to coalgebras in [21], [19] and to n-ary algebras of Lie and associative types
in [3]. We derive examples of Hom-alternative algebras from 4-dimensional alternative algebras which
are not associative and from algebra of octonions. The last Section is dedicated to Jordan algebras. We
introduce a notion of Hom-Jordan algebras and show that it fits with the Hom-associative structure, that
is a Hom-associative algebra leads to Hom-Jordan algebra by polarization. Also, we provide a way to
construct a Hom-Jordan algebra starting from an ordinary Jordan algebra and an algebra endomorphism.
2000 Mathematics Subject Classification. 17D05,17C10,17A30.
Key words and phrases. Alternative algebra, Hom-Alternative algebra, Jordan algebra, Hom-Jordan algebra.
1
2 ABDENACER MAKHLOUF
1. DEFINITIONS AND PROPERTIES
Throughout this paper K is a field of characteristic 0 and V be a K-linear space.
First, we recall the notion of Hom-associative algebra introduced in [18] and provide an example.
Definition 1.1. A Hom-associative algebra over V is a triple (V, µ, α) where µ : V × V → V is a
bilinear map and α : V → V is a linear map, satisfying
(1) µ(α(x), µ(y, z)) = µ(µ(x, y), α(z)).
Example 1.2. Let {e1, e2, e3} be a basis of a 3-dimensional linear space V over K. The following
multiplication µ and linear map α on V define Hom-associative algebras over K3:
µ(e1, e1) = a e1,
µ(e1, e2) = µ(e2, e1) = a e2,
µ(e1, e3) = µ(e3, x1) = b e3,
µ(e2, e2) = a e2,
µ(e2, e3) = b e3,
µ(e3, e2) = µ(e3, e3) = 0,
α(e1) = a e1, α(e2) = a e2, α(e3) = b e3,
where a, b are parameters in K. The algebras are not associative when a 6= b and b 6= 0, since
µ(µ(e1, e1), e3))− µ(e1, µ(e1, e3)) = (a− b)be3.
Now, we introduce the notion of Hom-alternative algebra.
Definition 1.3. A left Hom-alternative algebra (resp. right Hom-alternative algebra) is a triple (V, µ, α)
consisting of a K-linear space V , a linear map α : V → V and a multiplication µ : V ⊗ V → V satis-
fying the left Hom-alternative identity, that is
(2) µ(α(x), µ(x, y)) = µ(µ(x, x), α(y)),
respectively, right Hom-alternative identity, that is
(3) µ(α(x), µ(y, y)) = µ(µ(x, y), α(y)),
for any x, y in V .
A Hom-alternative algebra is one which is both left and right Hom-alternative algebra.
Remark 1.4. Any Hom associative algebra is a Hom-alternative algebra.
Definition 1.5. Let (V, µ, α) and (V ′, µ′, α′) be two Hom-alternative algebras. A linear map f : V →
V ′ is said to be a morphism of Hom-alternative algebras if
µ′ ◦ (f ⊗ f) = f ◦ µ, f ◦ α = α′ ◦ f.
Let asα denotes the Hom-associator associated to a Hom-algebra (V, µ, α) where V is the linear space,
µ the multiplication and α the twisting map. The Hom-associator is a trilinear map defined for any
x, y, z ∈ V by
(4) asα(x, y, z) = µ(α(x), µ(y, z)) − µ(µ(x, y), α(z)).
The condition 2 (resp. 3) may be written using Hom-associator respectively
asα(x, x, y) = 0, asα(y, x, x) = 0.
By linearization, we have the following equivalent definition of left and right Hom-alternative algebras.
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Proposition 1.6. A triple (V, µ, α) is a left Hom-alternative algebra (resp. right alternative algebra) if
and only if the identity
(5) µ(α(x), µ(y, z)) − µ(µ(x, y), α(z)) + µ(α(y), µ(x, z)) − µ(µ(y, x), α(z)) = 0.
respectively,
(6) µ(α(x), µ(y, z)) − µ(µ(x, y), α(z)) + µ(α(x), µ(z, y)) − µ(µ(x, z), α(y)) = 0.
holds.
Proof. We assume that, for any x, y, z ∈ V , asα(x, x, z) = 0 (left alternativity), then we expand asα(x+
y, x+ y, z) = 0.
The proof for right Hom-alternativity is obtained by expanding asα(x, y + z, y + z) = 0.
Conversely, we set x = y in (5), respectively y = z in (6). 
Remark 1.7. The multiplication could be considered as a linear map µ : V ⊗V → V , then the condition
(5) (resp. (6)) writes
(7) µ ◦ (α⊗ µ− µ⊗ α) ◦ (id⊗3 + σ1) = 0,
respectively
(8) µ ◦ (α⊗ µ− µ⊗ α) ◦ (id⊗3 + σ2) = 0.
where id stands for the identity map and σ1 and σ2 stands for trilinear maps defined for any x1, x2, x3 ∈
V by
σ1(x1 ⊗ x2 ⊗ x3) = x2 ⊗ x1 ⊗ x3,
σ2(x1 ⊗ x2 ⊗ x3) = x1 ⊗ x3 ⊗ x2.
In terms of associators, the identities (5) (resp. (6)) are equivalent respectively to
(9) asα + asα ◦ σ1 = 0 and asα + asα ◦ σ2 = 0.
Hence, for any x, y, z ∈ V , we have
(10) asα(x, y, z) = −asα(y, x, z) and asα(x, y, z) = −asα(x, z, y).
We have also the following property.
Lemma 1.8. Let (V, µ, α) be an alternative Hom-algebra. Then
(11) asα(x, y, z) = −asα(z, y, x).
Proof. Using (9), we have
asα(x, y, z) + asα(z, y, x) = −asα(y, x, z) − asα(y, z, x)
= 0.

Remark 1.9. The identities (9,11) lead to the fact that an algebra is Hom-alternative if and only if the
Hom-associator asα(x, y, z) is an alternating function of its arguments, that is
asα(x, y, z) = −asα(y, x, z) = −asα(x, z, y) = −asα(z, y, x).
Proposition 1.10. A Hom-alternative algebra is Hom-flexible, that is asα(x, y, x) = 0.
Proof. Using lemma 1.8, we have asα(x, y, x) = −asα(x, y, x). Therefore, asα(x, y, x) = 0. 
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Proposition 1.11. Let (V, µ, α) be a Hom-alternative algebra and x, y, z ∈ V .
If x and y anticommute, that is µ(x, y) = −µ(y, x), then we have
(12) µ(α(x), µ(y, z)) = −µ(α(y), µ(x, z),
and
(13) µ(µ(z, x), α(y)) = −µ(µ(z, y), α(x)).
Proof. The left alternativity leads to
(14) µ(α(x), µ(y, z)) − µ(µ(x, y), α(z)) + µ(α(y), µ(x, z)) − µ(µ(y, x), α(z)) = 0.
Since µ(x, y) = −µ(y, x), then the previous identity becomes
(15) µ(α(x), µ(y, z)) + µ(α(y), µ(x, z)) = 0.
Similarly, using the right alternativity and the assumption of anticommutativity, we get the second iden-
tity. 
Remark 1.12. A subalgebra of an alternative algebra (V, µ, α) is given by a subspace W of V such that
for any x, y ∈W , we have µ(x, y) ∈W and α(x) ∈W . The multiplication and the twisting map being
the same. The notions of ideal, quotient algebra are defined as usual and similarly.
2. CONSTRUCTION THEOREM AND EXAMPLES
In this section, we provide a way to construct Hom-alternative algebras starting from an alternative
algebra and an algebra endomorphism. This procedure was applied to associative algebras, G-associative
algebras and Lie algebra in [30]. It was extended to coalgebras in [21] and to n-ary algebras of Lie type
respectively associative type in [3].
Theorem 2.1. Let (V, µ) be a left alternative algebra (resp. a right alternative algebra ) and α : V → V
be an algebra endomorphism. Then (V, µα, α), where µα = α ◦ µ, is a left Hom-alternative algebra
(resp. right Hom-alternative algebra).
Moreover, suppose that (V ′, µ′) is another left alternative algebra (resp. a right alternative algebra )
and α′ : V ′ → V ′ is an algebra endomorphism. If f : V → V ′ is an algebras morphism that satisfies
f ◦ α = α′ ◦ f then
f : (V, µα, α) −→ (V
′, µ′
α
′ , α
′)
is a morphism of left Hom-alternative algebras (resp. right Hom-alternative algebras).
Proof. We show that (V, µα, α) satisfies the left Hom-alternative identity (2). Indeed
µα(α(x)⊗ µα(x⊗ y)) = α(µ(α(x) ⊗ α(µ(x)⊗ y)))
= α(µ(α(x) ⊗ µ(α(x)⊗ α(y)))
= α(µ(µ(α(x) ⊗ α(x)) ⊗ α(y)))
= α(µ(α(µ(x ⊗ x))⊗ α(y)))
= µα(µα(x⊗ x)⊗ α(y)).
The proof for right alternativity is obtained similarly.
the second assertion follows from
f ◦ µα = f ◦ α ◦ µ = α
′ ◦ f ◦ µ = α′ ◦ µ′ ◦ f = µ′
α
′ ◦ f.

The theorem (2.1) gives a procedure to construct Hom-alternative algebras using ordinary alternative
algebras and their algebras endomorphisms.
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Remark 2.2. Let (V, µ, α) be a Hom-alternative algebra, one may ask whether this Hom-alternative
algebra is induced by an ordinary alternative algebra (V, µ˜), that is α is an algebra endomorphism with
respect to µ˜ and µ = α ◦ µ˜. This question was addressed and discussed for Hom-associative algebras in
[9, 10].
First observation, if α is an algebra endomorphism with respect to µ˜ then α is also an algebra endomor-
phism with respect to µ. Indeed,
µ(α(x), α(y)) = α ◦ µ˜(α(x), α(y)) = α ◦ α ◦ µ˜(x, y) = α ◦ µ(x, y).
Second observation, if α is bijective then α−1 is also an algebra automorphism. Therefore one may
use an untwist operation on the Hom-alternative algebra in order to recover the alternative algebra
(µ˜ = α−1 ◦ µ).
2.1. Examples of Hom-Alternative algebras. We construct examples of Hom-alternative using the-
orem (2.1). We use to this end the classification of 4-dimensional alternative algebras which are not
associative (see [11]) and the algebra of octonions (see [4]). For each algebra, algebra endomorphisms
are provided. Therefore, Hom-alternative algebras are attached according to theorem (2.1).
Example 2.3 (Hom-alternative algebras of dimension 4). According to [11], p 144, there are exactly
two alternative but not associative algebras of dimension 4 over any field. With respect to a basis
{e0, e1, e2, e3}, one algebra is given by the following multiplication (the unspecified products are zeros)
µ1(e0, e0) = e0, µ1(e0, e1) = e1, µ1(e2, e0) = e2,
µ1(e2, e3) = e1, µ1(e3, e0) = e3, µ1(e3, e2) = −e1.
The other algebra is given by
µ2(e0, e0) = e0, µ2(e0, e2) = e2, µ2(e0, e3) = e3,
µ2(e1, e0) = e1, µ2(e2, e3) = e1, µ2(e3, e2) = −e1.
These two alternative algebras are anti-isomorphic, that is the first one is isomorphic to the opposite of
the second one. The algebra endomorphisms of µ1 and µ2 are exactly the same. We provide two examples
of algebra endomorphisms for these algebras.
(1) The algebra endomorphism α1 with respect to the same basis is defined by
α1(e0) = e0 + a1 e1 + a2 e2 + a3 e3, α1(e1) = 0,
α1(e2) = a4 e2 +
a4a3
a2
e3, α1(e3) = a5 e2 +
a5a3
a2
e3,
with a1, · · · , a5 ∈ K and a2 6= 0.
(2) The algebra endomorphism α2 with respect to the same basis is defined by
α2(e0) = e0 + a1 e1 + a2 e2 + a3 e3, α2(e1) = a4 e1,
α2(e2) = −
a4a2
a5
e2 −
a4a3
a5
e3, α2(e3) = a5 e1 + a6 e2 +
a6a3 − a5
a2
e3,
with a1, · · · , a6 ∈ K and a2, a5 6= 0.
According to theorem (2.1), the linear map α1 an the following multiplications
• µ11(e0, e0) = e0 + a1 e1 + a2 e2 + a3 e3, µ
1
1(e0, e1) = 0, µ
1
1(e2, e0) = a4 e2 +
a4a3
a2
e3,
µ11(e2, e3) = 0, µ
1
1(e3, e0) = a5 e2 +
a5a3
a2
e3, µ1(e3, e2) = 0.
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• µ12(e0, e0) = e0 + a1 e1 + a2 e2 + a3 e3, µ
1
2(e0, e2) = a4 e2 +
a4a3
a2
e3,
µ12(e0, e3) = a5 e2 +
a5a3
a2
e3, µ
1
2(e1, e0) = 0, µ
1
2(e2, e3) = 0, µ
1
2(e3, e2) = 0.
determine 4-dimensional Hom-alternative algebras.
The linear map α2 leads to the following multiplications
• µ21(e0, e0) = e0 + a1 e1 + a2 e2 + a3 e3, µ
2
1(e0, e1) = a4 e1, µ
2
1(e2, e0) = −
a4a2
a5
e2 −
a4a3
a5
e3,
µ21(e2, e3) = a4 e1, µ
2
1(e3, e0) = e3, µ
2
1(e3, e2) = −a4 e1.
• µ22(e0, e0) = e0 + a1 e1 + a2 e2 + a3 e3, µ
2
2(e0, e2) = −
a4a2
a5
e2 −
a4a3
a5
e3,
µ22(e0, e3) = a5 e1 + a6 e2 +
a6a3 − a5
a2
e3,
µ22(e1, e0) = a4 e1, µ2(e2, e3) = a4 e1, µ
2
2(e3, e2) = −a4 e1.
Example 2.4 (Octonions). Octonions are typical example of alternative algebra. They were discovered
in 1843 by John T. Graves who called them Octaves and independently by Arthur Cayley in 1845. See
[4] for the role of the octonions in algebra, geometry and topology and see also [1] where octonions are
viewed as a quasialgebra. The octonions algebra which is also called Cayley Octaves or Cayley algebra
is an 8-dimensional defined with respect to a basis {u, e1, e2, e3, e4, e5, e6, e7}, where u is the identity
for the multiplication, by the following multiplication table. The table describes multiplying the ith row
elements by the jth column elements.
u e1 e2 e3 e4 e5 e6 e7
u u e1 e2 e3 e4 e5 e6 e7
e1 e1 −u e4 e7 −e2 e6 −e5 −e3
e2 e2 −e4 −u e5 e1 −e3 e7 −e6
e3 e3 −e7 −e5 −u e6 e2 −e4 e1
e4 e4 e2 −e1 −e6 −u e7 e3 −e5
e5 e5 −e6 e3 −e2 −e7 −u e1 e4
e6 e6 e5 −e7 e4 −e3 −e1 −u e2
e7 e7 e3 e6 −e1 e5 −e4 −e2 −u
The diagonal algebra endomorphism of octonions are give by maps α defined with respect to the basis
{u, e1, e2, e3, e4, e5, e6, e7} by
α(u) = u, α(e1) = a e1, α(e2) = b e2, α(e3) = c e3,
α(e4) = ab e4, α(e5) = bc e5, α(e6) = abc e6, α(e7) = ac e7,
where a, b, c are any parameter in K. The associated Hom-alternative algebra to the octonions algebra
according to theorem (2.1) is described by the map α and the multiplication defined by the following
table. The table describes multiplying the ith row elements by the jth column elements.
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u e1 e2 e3 e4 e5 e6 e7
u u ae1 be2 ce3 abe4 bce5 abce6 ace7
e1 ae1 −u abe4 ace7 −be2 abce6 −bce5 −ce3
e2 be2 −abe4 −u bce5 ae1 −ce3 ace7 −abce6
e3 ce3 −ace7 −bce5 −u abce6 be2 −abe4 ae1
e4 abe4 be2 −ae1 −abce6 −u ace7 ce3 −bce5
e5 bce5 −abce6 ce3 −be2 −ace7 −u ae1 abe4
e6 abce6 bce5 −ace7 abe4 −ce3 −ae1 −u be2
e7 ace7 ce3 abce6 −ae1 bce5 −abe4 −be2 −u
Notice that the new algebra is no longer unital, neither an alternative algebra since
µ(u, µ(u, e1))− µ(µ(u, u), e1) = (a
2 − a)e1,
which is different from 0 when a 6= 0, 1.
3. HOM-JORDAN ALGEBRAS
In this section, we introduce a generalization of Jordan algebra by twisting the usual Jordan identity
(16) (x · y) · x2 = x · (y · x2).
We show that this generalization fits with Hom-associative algebras. Also, we provide a procedure to
construct examples starting from an ordinary Jordan algebras.
Definition 3.1. A Hom-Jordan algebra is a triple (V, µ, α) consisting of a linear space V , a bilinear
map µ : V × V → V which is commutative and a homomorphism α : V → V satisfying
(17) µ(α2(x), µ(y, µ(x, x))) = µ(µ(α(x), y), α(µ(x, x)))
where α2 = α ◦ α.
Let (V, µ, α) and (V ′, µ′, α′) be two Hom-Jordan algebras. A linear map φ : V → V ′ is a morphism of
Hom-Jordan algebras if
µ′ ◦ (φ⊗ φ) = φ ◦ µ and φ ◦ α = α′ ◦ φ.
Remark 3.2. Since the multiplication is commutative, one may write the identity (17) as
(18) µ(µ(y, µ(x, x)), α2(x)) = µ(µ(y, α(x)), α(µ(x, x))).
When the twisting map α is the identity map, we recover the classical notion of Jordan algebra.
The identity (17) is motivated by the following functor which associates to a Hom-associative algebra a
Hom-Jordan algebra by polarization.
Theorem 3.3. To any Hom-associative algebra (V,m,α) defined by the multiplication m and a homo-
morphism α over a K-linear space V , one may associate a Hom-Jordan algebra (V, µ, α), where the
multiplication µ is defined for all x, y ∈ V by
µ(x, y) =
1
2
(m(x, y) +m(y, x)).
Proof. The commutativity of µ is obvious. We compute the difference
D = µ(α2(x), µ(y, µ(x, x))) − µ(µ(α(x), y), α(µ(x, x)))
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A straightforward computation gives
D = m(α2(x),m(y,m(x, x))) +m(m(y,m(x, x)), α2(x)) +m(α2(x),m(m(x, x), y))
+m(m(m(x, x), y), α2(x))−m(m(α(x), y), α(m(x, x))) −m(α(m(x, x)),m(α(x), y))
−m(m(y, α(x)), α(m(x, x))) −m(α(m(x, x)),m(y, α(x))).
We have by Hom-associativity
m(α2(x),m(y,m(x, x))) −m(m(α(x), y), α(m(x, x))) = 0
m(m(m(x, x), y), α2(x))−m(α(m(x, x)),m(y, α(x))) = 0.
Therefore
D = m(m(y,m(x, x)), α2(x)) +m(α2(x),m(m(x, x), y))
−m(α(m(x, x)),m(α(x), y)) −m(m(y, α(x)), α(m(x, x))).
One may show that for any Hom-associative algebra we have
m(α(m(x, x)),m(α(x), y)) = m(m(m(x, x), α(x)), α(y))
= m(m(α(x),m(x, x)), α(y))
= m(α2(x),m(m(x, x), y)),
and similarly
m(m(y, α(x)), α(m(x, x))) = m(m(y,m(x, x)), α2(x)).
Thus
D = m(m(y,m(x, x)), α2(x)) +m(α2(x),m(m(x, x), y))
−m(α2(x),m(m(x, x), y)) −m(m(y,m(x, x)), α2(x))
= 0.

Remark 3.4. The definition of Hom-Jordan algebra seems to be non natural one expects that the identity
should be of the form
(19) µ(α(x), µ(y, µ(x, x)))) = µ(µ(x, y), α(µ(x, x)))
or
(20) µ(α(x), µ(y, µ(x, x)))) = µ(µ(x, y), µ(x, α(x))).
It turns out that these identities do not fit with the previous proposition.
Notice also that in general a Hom-alternative algebra doesn’t lead to a Hom-Jordan algebra.
The following theorem gives a procedure to construct Hom-Jordan algebras using ordinary Jordan alge-
bras and their algebra endomorphisms.
Theorem 3.5. Let (V, µ) be a Jordan algebra and α : V → V be an algebra endomorphism. Then
(V, µα, α), where µα = α ◦ µ, is a Hom-Jordan algebra.
Moreover, suppose that (V ′, µ′) is another Jordan algebra and α′ : V ′ → V ′ is an algebra endomor-
phism. If f : V → V ′ is an algebras morphism that satisfies f ◦ α = α′ ◦ f then
f : (V, µα, α) −→ (V
′, µ′
α
′ , α
′)
is a morphism of Hom-Jordan algebras.
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Proof. We show that (V, µα, α) satisfies the Hom-Jordan identity (17) while (V, µ) satisfies the Jordan
identity (16). Indeed
µα(α
2(x), µα(y, µα(x, x))) − µα(µα(α(x), y), α(µα(x, x)))
= α ◦ µ(α2(x), α ◦ µ(y, α ◦ µ(x, x))) − α ◦ µ(α ◦ µ(α(x), y), α2 ◦ µ(x, x))
= α2(µ(α(x), µ(y, α ◦ µ(x, x)))− µ(µ(α(x), y), α ◦ µ(x, x)))
= α2(µ(α(x), µ(y, µ(α(x), α(x)))) − µ(µ(α(x), y), µ(α(x), α(x))))
= 0.
the second assertion follows from
f ◦ µα = f ◦ α ◦ µ = α
′ ◦ f ◦ µ = α′ ◦ µ′ ◦ f = µ′
α
′ ◦ f.

Remark 3.6. We may give here similar observations as in the remark (2.2) concerning Hom-Jordan
algebra induced by an ordinary Jordan algebra.
We provide in the sequel example of Hom-Jordan algebras.
Example 3.7. We consider Hom-Jordan algebras associated to Hom-associative algebras described in
example (1.2). Let {e1, e2, e3} be a basis of a 3-dimensional linear space V over K. The following
multiplication µ and linear map α on V define Hom-Jordan algebras over K3:
µ˜(e1, e1) = a e1,
µ˜(e1, e2) = µ˜(e2, e1) = a e2,
µ˜(e1, e3) = µ˜(e3, x1) = b e3,
µ˜(e2, e2) = a e2,
µ˜(e2, e3) =
1
2
b e3,
µ˜(e3, e2) = µ˜(e3, e3) = 0,
α(e1) = a e1, α(e2) = a e2, α(e3) = b e3
where a, b are parameters in K.
It turns out that the multiplication of this Hom-Jordan algebra defines a Jordan algebra.
Remark 3.8. We may define the noncommutative Jordan algebras as triples (V, µ, α) satisfying the
identity (17) and the flexibility condition, which is a generalization of the commutativity. Eventually, we
may consider the Hom-flexibilty defined by the identity µ(α(x), µ(y, x)) = µ(µ(x, y), α(x)).
REFERENCES
[1] Albuquerque H., and Majid S., Quasialgebra Structure of the Octonions, J. Algebra 220 (1999), 188-224.
[2] Ammar F. and Makhlouf A., Hom-Lie Superalgebras and Hom-Lie admissible Superalgebras, arXiv:0906.1668v2
[math.RA] (2009).
[3] Ataguema H., Makhlouf A., Silvestrov S., Generalization of n-ary Nambu algebras and beyond, J. Math. Phys., 50, 1
(2009).
[4] Baez J.C., The octonions, Bull. of the Amer. Math. Soc., 39 2, (2001), 145–2005.
[5] S. Caenepeel, I. Goyvaerts, Hom-Hopf algebras, arXiv:0907.0187v1 [math.RA] (2009).
[6] Dzhumadil’daev A., and Zusmanovich P., The alternative operad is not Koszul, arXiv:0906.1272 [Math.RA], (2009).
[7] Elhamdadi M., and Makhlouf A., Cohomology and Formal Deformations of Left Alternative algebras, arXiv:0907.1548v1
[Math.RA], (2009).
[8] Fregier Y. and Gohr A. Lie Type Hom-algebras, arXiv:0903.3393v2 [Math.RA] (2009).
[9] Fregier Y. and Gohr A., On unitality conditions for Hom-associative algebras, Arxi:0904.4874v2 [Math.RA] (2009).
[10] Gohr A., On Hom-algebras with surjective twisting, arXiv:0906.3270v3 [Math.RA] (2009).
[11] Goodaire, E., Alternative rings of small order and the hunt for Moufang circle loops, Nonassociative algebra and its
applications (Sa˜o Paulo, 1998), 137–146, Lecture Notes in Pure and Appl. Math., 211, Marcel Dekker, New York, 2000.
[12] Hartwig J. T., Larsson D. and Silvestrov S. D., Deformations of Lie algebras using σ-derivations, J. of Algebra 295,
314-361 (2006).
[13] Hellstro¨m L., and Silvestrov S. D., Commuting elements in q-deformed Heisenberg algebras, World Scientific (2000).
[14] Kerdman, F. S., Analytic Moufang loops in the large, Algebra i Logica 18 (1979), 523–555.
10 ABDENACER MAKHLOUF
[15] Larsson D. and Silvestrov S. D., Quasi- Hom-Lie algebras, Central Extensions and 2-cocycle-like identities, J. of Algebra
288, 321–344 (2005).
[16] Larsson D. and Silvestrov S. D., Quasi-Lie algebras, in ”Noncommutative Geometry and Representation Theory in Math-
ematical Physics”, Contemp. Math., 391, Amer. Math. Soc., Providence, RI , 241–248 (2005).
[17] Larsson D. and Silvestrov S. D., Quasi-deformations of sl2(F) using twisted derivations, Comm. in Algebra 35 (2007),
4303 – 4318 .
[18] Makhlouf A. and Silvestrov S. D., Hom-algebra structures, J. Gen. Lie Theory Appl. 2 (2) , 51–64 (2008).
[19] Makhlouf, A. and Silvestrov, S. D., Hom-Lie admissible Hom-coalgebras and Hom-Hopf algebras, Published as Chapter
17, pp 189-206, S. Silvestrov, E. Paal, V. Abramov, A. Stolin, (Eds.), Generalized Lie theory in Mathematics, Physics and
Beyond, Springer-Verlag, Berlin, Heidelberg, (2008).
[20] Makhlouf, A., Silvestrov, S. D., Notes on Formal deformations of Hom-Associative and Hom-Lie algebras, To appear in
Forum Mathematicum. Preprints in Mathematical Sciences, Lund University, Centre for Mathematical Sciences, Centrum
Scientiarum Mathematicarum, (2007:31) LUTFMA-5095-2007, 2007; arXiv:0712.3130v1 [math.RA] (2007).
[21] Makhlouf A. and Silvestrov S. D., Hom-Algebras and Hom-Colgebras,To appear in J. Algebra and its App. Preprints
in Mathematical Sciences, Lund University, Centre for Mathematical Sciences, Centrum Scientiarum Mathematicarum,
(2008:19) LUTFMA-5103-2008. (arXiv:0811.0400 [math.RA]).
[22] Maltsev, A. I., Analytical loops, Matem. Sbornik. 36 (1955), 569-576 (in Russian).
[23] McCrimmon K., Alternative algebras, available in http://www.mathstat.uottawa.ca/∼neher/Papers/alternative/
[24] Paal E., Note on analytic Moufang loops, Comment. Math. Univ. Carolinae, 45 (2) (2004), 349–354.
[25] Paal E., Moufang loops and generalized Lie-Cartan theorem, Journal of Gen. Lie Theory and Applications, 2 (2008),
45–49.
[26] Sandu N. I., About the embedding of Moufang loops in alternative algebras II, arXiv:0804.2049v1 [math.RA], (2008).
[27] Shestakov I.P., Moufang Loops and alternative algebras, Proc. of Amer. Math. Soc., 132 (2), (2003), 313–316.
[28] Yamaguti K., On the theory of Malcev algebras Kumamoto J. Sci. Ser. A 6 1963 9–45 (1963).
[29] D. Yau, Enveloping algebra of Hom-Lie algebras, J. Gen. Lie Theory Appl. 2 (2) (2008), 95–108.
[30] D. Yau, Hom-algebras and homology, arXiv:0712.3515v2. (2007).
[31] D. Yau, Hom-bialgebras and comodule algebras, arXiv:0810.4866, (2008).
[32] D. Yau, Hom-Yang-Baxter equation, Hom-Lie algebras, and quasi-triangular bialgebras, J. Phys. A 42, (2009) 165–202.
[33] D. Yau, The Hom-Yang-Baxter equation and Hom-Lie algebras, arXiv:0905.1887v2, (2009).
[34] D. Yau, The classical Hom-Yang-Baxter equation and Hom-Lie bialgebras, arXiv:0905.1890v1, (2009).
[35] D. Yau, Hom-quantum groups I:quasi-triangular Hom-bialgebras, arXiv:0906.4128v1, (2009).
[36] D. Yau, Hom-quantum groups II:cobraided Hom-bialgebras and Hom-quantum geometry, arXiv:0907.1880v1, (2009).
UNIVERSITE´ DE HAUTE-ALSACE, LABORATOIRE DE MATHE´MATIQUES, INFORMATIQUE ET APPLICATIONS, 4 RUE DES
FRE`RES LUMIE`RE, 68093 MULHOUSE, FRANCE
E-mail address: Abdenacer.Makhlouf@uha.fr
